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In memory of Vasily Iskovskikh 

0^ I Abstract. We prove the existence of Kahler-Einstein metrics on a nonsingular section 

. of the Grassmannian Gr(2, 5) C by a hnear subspace of codimension 3, and the Fermat 

I hypersurface of degree 6 in P(l, 1, 1, 2, 3). We also show that a global log canonical threshold 

of the Mukai-Umemura variety is equal to 1/2. 



< 



1. Introduction 

Let X be a variet}{3 with at most log canonical singularities (see and let D be an 

effective Q-Cartier Q-divisor on the variety X. Then the number 

lct(X, D) = sup |a G Q log pair (X, XD) log canonical | G Q U { + oo} 

is called the log canonical threshold of the divisor D (see [21j|)- 

■ Suppose that X is a Fano variety with at most log terminal singularities (see 1161 ). 

> ; 

^ ■ Definition 1.1. Global log canonical threshold of the Fano variety X is the number 

lct(X) = inf |lct(X,L)) D is an effective Q-divisor on X such that D ~q — f^xj ^ 0. 

Recall that every Fano variety X is rationally connected (see [27]). Thus, the group Pic(X) 
is torsion free. Hence 



00 
O 

I let (X) = sup "I ^ 



the log pair ^X, XD^ is log canonical 
for every effective Q-divisor D ~q —Kx 



Example 1.2. Let X be a smooth hypersurface in P" of degree m, where 2 ^ m ^ n. Then 

lct(X) = i 

n + 1 — m 

if m < n (see [2]). Thus, we have lct(P") = l/{n + 1). Suppose that n = m. by [2] 

n — 1 



1 ^ let (X) ^ 



n 
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""^AU varieties are assumed to be complex, algebraic, projective and normal. 
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lct(X) ^ < 



It follows from [23] and [6] that if X is general, then 

r 1, if ^ 6, 

22/25, if = 5, 
16/21, if n = 4, 
^ 3/4, if n = 3. 

One has lct(X) = 1 — 1/n if X contains a cone of dimension n — 2. 
Example 1.3. Let X be a rational homogeneous space such that —Kx ~ rD and 

Pic(X) =Z[D], 

where D is an ample divisor and r G Z>o- Then lct(X) = 1/r (see |14j). 

Example 1.4. Let X be a quasismooth hypersurface in P(l, ai, 02, as, 04) of degree ^^^^ a, 
such that X has at most terminal singularities, where ai ^ 02 ^ 03 ^ 04. Then 

-Kx ~Q C'p(l,ai,a2,a3,a4) (1) 

and there are 95 possibilities for the quadruple (01,02,03,04) (see [IS]). One has 

' 16/21 if 01 = 02 = 03 = 04 = 1, 
7/9 if (oi, 02, 03, 04) = (1, 1, 1, 2), 
4/5 if (oi, 02, 03, 04) = (1, 1, 2, 2), 
6/7 if (oi, 02, 03, 04) = (1, 1, 2, 3), 
1 in the remaining cases, 

if X is general (see [3], [6], [5]). 

Example 1.5. Let X be smooth del Pezzo surface. It follows from [4J that 



X 



1 ^ let (X) ^ < 



riifi^i 



lct(X) 



1 and I — K 



x\ 



contains no cuspidal curves, 
5/6 if K]^ = 1 and | — Kx\ contains a cuspidal curve, 
5/6 if K]^ = 2 and | — Kx\ contains no tacnodal curves, 
3/4 if Kx = 2 and | — Kx\ contains a tacnodal curve, 
3/4 if X is a cubic in with no Eckardt points, 
2/3 if either X is a cubic in P'^ with an Eckardt point, or Kx = 4, 



1/2 if X = pi X pi or Kl G {5, 6}, 
, 1/3 in the remaining cases. 

Let G C Aut(X) be an arbitrary subgroup. 

Definition 1.6. Global G-invariant log canonical threshold lct(X, G) of the Fano variety X 
is the number 



sup < e G 



the log pair ^X, —T^^ has log canonical singularities for every 

nKx and every n G Z>o 



G-invariant linear system T) C 
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lct(X,G) = sup|a G 



If the Fano variety X is smooth and G is compact, then it follows from [71 Appendix A] 
that 

lct(X,G) =aG{X), 

where adX) is the invariant introduced in We have lct(X) ^ lct(X, G) G M U {+cxo}. 

Remark 1.7. Suppose that the subgroup G is finite. Then 

log pair (X, \D) is log canonical for every 
effective G-invariant Q-divisor D ~(q —Kx 

Indeed, it is enough to show that if D C | — mKx\ is a G-invariant linear system such 
that the log pair (X, cD) is not log canonical for some c G Q^o? then there is a G-invariant 
effective Q-divisor B ~q —mKx such that the log pair (X, cB) is not log canonical. Put 
k = \G\. Suppose that the log pair {X,cD) is not log canonical. Let D G P be a general 
divisor. Then the log pair 

is not log canonical as well (see the proof of [T71 Theorem 4.8]), which implies the required 
assertion. 

Example 1.8. The simple group PGL(2,F7) is a group of automorphisms of the quartic 

x^y + y^z + z^x = = Proj (c[x, y, z]^ , 

which induces an embedding PGL(2,F7) C Ant{F^). One has lct(p2, PGL(2, F7)) = 4/3 
(see [22], [1]). 

Example 1.9. Let X be the cubic surface in given by the equation 

x^ + y^ + + = CF^ = PToi(c[x,y,z,t]^, 

and let G = Aut(X) = x S4. Then lct(X, G) = 4 by [4]. 

The following result is proved in [25], [20], [8] (cf. [3, Appendix A]). 

Theorem 1.10. Suppose that X has at most quotient singularities, the group G is compact, 
and the inequality 

, , dim(X) 

let X,G) > , \ ' 

^ ' dim(X) + 1 

holds. Then X admits an orbifold Kdhler-Einstein metric. 

Remark 1.11. Let G C Aut(X) be a reductive subgroup, and G' G G the maximal compact 
subgroup of G. Then a restriction to G' of any irreducible representation of G remains 
irreducible as a complex representation of G'. This implies that all linear systems on X that 
are invariant with respect to G are also invariant with respect to G' (the converse holds by 
obvious reasons). In particular, lct(X, G) = lct(X, G'). 

Theorem 1 1 . 1 1 has many applications (see Examples 11.21 n~4l 11.91) . 

Example 1.12. Let X be one of the following smooth Fano varieties: 

• a Fermat hyper surf ace in of degree n/2 ^ d ^ n {ci. Example 11.91) : 



• a smooth complete intersection of two quadrics in that is given by 

5 5 

J] = ^ Cx', = C p5 ^ Proj (C [xo, . . . , xs] ) , 

i=0 i=0 

where C is a primitive sixth root of unity; 

• a hypersurface in P(l""'"^, q) of degree pq that is given by the equation 

5 
i=0 

such that pq — q ^ n, where wt(xo) = . . . = wt(x„) = 1, wt(w) = q E Z>o and 
P e Z>o- 

Let G = Aut(X). Then G is finite, and the inequahty lct(X,G) ^ 1 holds (see [25], [20]). 

The numbers lct(X) and lct(X, G) also play an important role in birational geometry. For 
instance, the following result holds (see [3]). 

Theorem 1.13. Let Xi he a Fano variety, and let Gi C Aut(Xj) he a finite suhgroup such 
that 

• the variety Xi is Gi-hirationally superrigid (see 

• the inequality lct(Xj,Gj) ^ 1 holds, 

where i = 1, . . . , r. Then the following assertions hold: 

• there is no Gi x . . . x Gr-equivariant hirational map p: Xi x . . . x Xr P"; 

• every GiX . . .x Gr-equivariant hirational automorphism of XiX . . . x Xr is hiregular; 

• for every Gi x . . . x Gr-equivariant rational dominant map 

p: Xi X . . . X Xr — ->• F, 

whose general fiher is a rationally connected variety, there a commutative diagram 

Xi X . . . X Xr 

~^ ~' ~~ ~~ P 

Xi^x ...xXi^ = y 

where is a hirational map, n is a natural projection, and {zi, . . . , ik] C {1, . . . , r}. 
Varieties satisfying all hypotheses of Theorem II. 131 do exist. 
Example 1.14. The simple group Stg is a group of automorphisms of the sextic 

IQx^y^ + Qzx^ + Qzy^ + 21 = Abx^yh^ + ISbxyz"^ c = Proj (c [x, y, z] ) , 

which induces an embedding Slg C Aut(P^). Then P^ is Stg-birationally superrigid and the 
equality Ict(p2,2l6) = 2 holds (see [22], [!])• Thus, there is an induced embedding 

Sle X 2l6 = C Bir(P^) 

such that fl is not conjugate to any subgroup in Aut(P'*) by Theorem 11.131 

Let \^ be a smooth Fano threefold (see [16]) such that —Ky ~ 2H, where H is an ample 
Cartier divisor that is not divisible in Pic(V^). 
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Remark 1.15. The variety V is called a del Pezzo variety, since a general element in the 
linear system \H\ is a smooth del Pezzo surface. 

It is well-known that V is one of the following varieties: 

• Vi, i. e. a hypersurface in P(l, 1, 1, 2, 3) of degree 6; 

• V2, i. e. a hypersurface in P(l, 1, 1, 1, 2) of degree 4; 

• V3, i.e. a cubic surface in P^; 

• V4, i.e. a complete intersection of two quadrics in P^; 

• V5, i.e. a section of the Grassmannian Gr(2, 5) C P^ by a linear subspace of codi- 
mension 3 (all such sections are isomorphic); 

• W, a divisor in P^ x P^ of bidegree (1, 1); 

• Vj, i. e. a blow-up of P^ at a point; 

• the product P^ x P^ x P^. 

Remark 1.16. In [7j the values of global log canonical thresholds of smooth del Pezzo three- 
folds were found: 



Concerning Kahler-Einstein metrics on V, the following is known: 

• Vj does not admit a Kahler-Einstein metric (see [2B]): 

• V4 admits a Kahler-Einstein metric (see [T], cf. Example I1.12p : 

• W and P^ X P^ X P^ admit Kahler-Einstein metrics, since their automorphism groups 
are reductive and act on them transitively (see Theorem 11.101 and Remark II. lip : 

• there are examples of varieties V2 C P(l, 1, 1, 1, 2) and V3 C P^ with large automor- 
phism groups (see Example I1.12p that admit Kahler-Einstein metrics. 

The question of existence of Kahler-Einstein metrics on the varieties Vi and V5 has not been 
studied in the literature yet (cf. a remark before [U Theorem 3.2]). 
The main purpose of this paper is to prove the following assertions. 

Theorem 1.17. Let G be a maximal compact subgroup in Aut(V5). Then 



where wt(x) = wt(?/) = wt{z) = 1, wt(t) = 2 and wt{w) = 3. Then lct(Vi, Aut(Vi)) ^ 1. 

Note that the latter results combined with Theorem 11.101 imply the existence of Kahler- 
Einstein metrics on the variety V5 and on the Fermat hypersurface of degree 6 in 



Remark 1.19. Let Vi be a smooth hypersurface in P(l, 1, 1,2,3) of degree 6. Assume that 
lct{Vi,G) ^ 1, where G is a subgroup in Aut(Vi). Then 

• the linear system \H\ does not contain G-invariant surfaces, 

• the linear system \H\ does not contain G-invariant pencils (cf. the proof of [2^ 




1/4, if is a blow-up of P^ 
1/2 in the remaining cases. 



at a point 



lct{V5, G) = lct(\/5, Aut(\/5)) = 5/6. 
Theorem 1.18. Let V\ be a hypersurface in P(l, 1, 1,2,3), given by an equation 




P(l,l,l,2,3). 



Theorem 1.2]) 
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• the variety Vi is G-birationally superrigid (see [12], [T3]). 

Remark 1.20. The methods we use to prove Theorem 13.21 are similar to those of [20]. Nev- 
ertheless, some statements of [20] (say, [201 Corollary 4.2], or a standard method to exclude 
zero-dimensional components of a subscheme of log canonical singularities) cannot be directly 
applied in our case, since the group Aut(Vi) never acts on Vi without fixed points. 

The structure of the paper is as follows. Section [2] contains some auxiliary statements. In 
Section [3] we prove Theorem 11.181 In Section H] we prove Theorem 11.171 The methods of 
Section H] can be applied without significant changes to one more interesting Fano threefold, 
the so-called Mukai-Umemura variety (see [9] and Remark 15. 2p . To complete the picture in 
Section [5] we calculate the global log canonical threshold of Mukai-Umemura variety without 
any group action. 

We are grateful to A. Kuznetsov and E. Smirnov for useful discussions. 



2. Preliminaries 

Let X be a variety with log terminal singularities. Let us consider a Q-divisor 



i=l 



where -B, is a prime Weil divisor on the variety X, and Oj is an arbitrary non-negative rational 
number. Suppose that Bx is a Q-Cartier divisor such that Bi ^ Bj for i ^ j. 
Let n : X —>■ X he a birational morphism such that X is smooth. Put 

r 

Bx = y^^ajBi, 

1=1 

where Bi is a proper transform of the divisor Bi on the variety X. Then 

n 

Kx + B^ ~Q vr* [Kx + Bx^+Y^ CiEi, 

i=l 

where Cj G Q, and Ei is an exceptional divisor of the morphism it. Suppose that 

u^. u u^. 

is a divisor with simple normal crossings. Put 

n 

B^ = Bx — ^ CiEi. 
1=1 

Definition 2.1. The singularities of {X,Bx) are log canonical (resp., log terminal) if 

• the inequality aj ^ 1 holds (resp., the inequality aj < 1 holds), 

• the inequality Cj ^ —1 holds (resp., the inequality Cj > —1 holds), 

for every i = 1, . . . ,r and j = 1, . . . ,n. 



One can show that Definition 12.11 does not depend on the choice of the morphism vr. Put 

LCs[x,Bx) = ( U ^0 U ( U ^(^0 ) 

and let us call LCS(X, Bx) the locus of log canonical singularities of the log pair (X, Bx)- 

Definition 2.2. A proper irreducible subvariety Y C X is said to be a center of log canonical 
singularities of the log pair {X, Bx) if one of the following conditions is satisfied: 

• either the inequality ^ 1 holds and Y = Bi, 

• or the inequality Cj ^ —1 holds and Y = vr(i?j), 

for some choice of the birational morphism n: X ^ X. 

Let LC§(X, Bx) be the set of all centers of log canonical singularities of {X, Bx)- Then 

Y G LC§(^X,5x) ^Y C LCS(^X,Sx) 

and LCS(X, Bx) = LCS(X, Bx) = the log pair (X, Bx) is log terminal. 

Remark 2.3. We can use similar constructions and notation for any log pair {X, W), where 
X> is a linear system, and A is a non-negative rational number. 

The set LCS{X, Bx) can be naturally equipped with a scheme structure (see [20], [21]). 
Put 

n r 

t(x, Bx) = vr. ( 5^ \c,] E.-J^ L«d B?) , 

1=1 i=l 

and let C{X, Bx) be a subscheme that corresponds to the ideal sheaf X(X, Bx)- 

Remark 2.4. The scheme C{X,Bx) is usually called the subscheme of log canonical singu- 
larities of the log pair (X, Bx), and the ideal sheaf X(X, Bx) is usually called the multiplier 
ideal sheaf of the log pair (X, Bx)- 

It follows from the construction of the subscheme C{X, Bx) that 

Supp(/:(x,5x)) = Lcs(x,5x) c X. 

The following result is known as the Shokurov vanishing theorem (see [23]) or the Nadel 
vanishing theorem (see Theorem 9.4.8]). 

Theorem 2.5. Let H be a nef and big Q- divisor on X such that 

Kx + Bx + H r^QD 

for some C artier divisor D on the variety X. Then for every i ^ 1 

H'(x, X{X,Bx)®d) = 0. 

The following result is known as the Shokurov connectedness theorem. 
Theorem 2.6. Suppose that —{Kx + Bx) is nef and big. Then LCS{X, Bx) is connected. 
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Proof. Put D = 0. Then it follows from Theorem 12.51 that the sequence 



C = H'(Ox) — H'{Ocix,B^)) ^ H'{l{X,Bx)) = 



is exact. Thus, the locus 



LCS(X, Bx) = Supp(£(X, Bx)) 



is connected. 



□ 



One can generalize Theorem 12.61 in the following way (see ^24^ Lemma 5.7]). 
Theorem 2.7. Let ip: X ^ Z he a morphism. Then the set 




is connected in a neighborhood of every fiber of the morphism ip o it : X Z in the case when 

• the morphism ip is surjective and has connected fibers, 

• the divisor —{Kx + Bx) is nef and big with respect to ip. 

The following result is a corollary Theorem 12.51 (see [20l Theorem 4.1]). 

Lemma 2.8. Suppose that —{Kx + Bx) is nef and big and dim(LCS(X, -Bx)) = 1- Then 

• the locus LCS(X, 5x) a connected union of smooth rational curves, 

• every intersecting irreducible components of the locus LCS(X, Bx) meet transver sally, 

• the locus LCS(X, i?x) does not contain a cycle of smooth rational curves. 

Let P be a point in X. Let us consider an effective divisor 



where Ei is a non-negative rational number. Suppose that 

• the divisor A is a Q-Cartier divisor, 

• the equivalence A ~q Bx holds, 

• the log pair (X, A) is log canonical in the point P G X. 

Remark 2.9. Suppose that (X, P^) is not log canonical in the point P G X. Put 



r 



A = ^£,P, ~qP. 



'X, 



i=l 



a = min < — Si ^ 




Note that a is well defined, because there is ^ 0. Then a < 1, the log pair 




is not log canonical in the point P G X, the equivalence 



r 




i=l 
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holds, and at least one irreducible component of the divisor Supp(A) is not contained in 

( ^ tti - asi 

The following result is an easy corollary of Remark | 

Lemma 2.10. Let X he a smooth Fano variety such that Pic(X) = UyH] for some divisor 
H G Pic(X), and let G C Aut(X) he a suhgroup. Let X he a rational numher such that 

• \ct{X,D) ^ \/n for every G-invariant divisor D G \nH\; 

• lct(X, P) ^ \/n for every G-invariant linear suhsystem T> C \nH\ that has no fixed 
components. 

Then 

let fx, g) > X. 



Proof. Suppose that lct(X, G) < A. Then there are a natural number n and a G-invariant 
linear subsystem V C \nH\ such that the log pair 

X,-V 

n 

is not log canonical. Put "D = F + where F is a fixed part of the linear system P, and 
is a G-invariant linear system that has no fixed components. 
Let Ml, . . . , Mr be general divisors in A^, where r ^ 0. Then 

n \ r 

is not log canonical by [171 Theorem 4.8]. 

Since Pic(X) = we have F ~ nxH and M ~ n2F[ for some ni,n2 G Z>o, such that 

ni + n2 = n. By Remark 12.91 we see that the log pair 

is not log canonical, because F is G-invariant. Then the log pair 

X, -M 

n2 

is not log canonical by Theorem 4.8], which is a contradiction. □ 

The following calculation will be useful in Section HI 

Lemma 2.11. Let dim(X) = 3; let G G X he an irreducihle reduced curve, and P E G a 
point, such that 

Sing(G) ^P^Sing(X). 

Let L G X he a curve such that P ^ Sing(L), and D a Q-divisor on X such that G C 
Supp(-D) 7^ L. Assume that L and G are tangent at P. Then 



mult p(^D ■ ^ 2multc{D). 



Proof. Let vr: X — > X be a blow-up of the point P, let E be an exceptional divisor of vr. 
Denote hj L, C and D the proper transforms on X of the curves L and C and the divisor 
D, respectively. Then the intersection 

LnSupp(z)) 

contains some point P ^ E, since L and C are tangent at P. Hence 

multp(^D ■ = multp(L') + mult p(^D ■ Dj ^ mwltc^D) + muhp(D) ^ 

^ multc(£') + mn\tc{D) = 2multc7(P'). 

□ 

3. Veronese double cone 

We'll use the following notation: if "D is a (nonempty) linear system on the variety X, 
then (p-z) denotes the rational map defined by V. 

Let ^ be a smooth Fano threefold such that {—Ky)^ = 8 and 

Pic(y) = Z[H] 

for some H G Pic(V^). Then \^ is a hypersurface in P(l, 1, 1, 2, 3) of degree 6. 

The linear system \H\ has the only base point O & V and defines a rational map 

with irreducible fibers; a general fiber of !f\H\ is an elliptic curve. 

Remark 3.1. We will refer to the subvarieties of V that are swept out by the fibers of (p\H\ 
as vertical subvarieties. 

Let G C Aut{V) be a subgroup. Note that G is finite, its action on V extends to 
P(l, 1, 1, 2, 3), and G naturally acts on P(|if|) = P^. Moreover, the following conditions 
are equivalent: 

• G has no fixed points on P(|i7|) = P^; 

• G has no invariant lines on P(|if |) = P^; 

• I if I contains no G- invariant surfaces; 

• \H\ contains no G- invariant pencils (cf. the proof of [22^ Theorem 1.2]); 

• V is G-birationally superrigid (see [12], [T3]). 

Let i3 be a linear subsystem in | — Kx \ , generated by divisors of the form 

Aqx^ + Ai?/^ + A2-2^ + Xsxy + A4X2; + \5yz = 0, 

where x, y and z are coordinates of weight 1 in P(l, 1, 1, 2, 3). The statement of Theorem 1 1.1 81 
is implied by the following result. 

Theorem 3.2. Supppose that the linear system B contains no G-invariant divisors. Then 
lct{V,G) ^ 1. 

Let us prove Theorem l3.2[ Assume that lct(V, G) < 1. Then the linear system \H\ does not 
contain G-invariant divisors, but there exists an effective G-invariant Q-divisor D ~(q —Ky, 
such that 

hCs(v, XD^ ^ 
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for some 1 > A G Q. The set LCS(V^, XD) is G-invariant. 
Lemma 3.3. The set LC§(y, XD) does not contain divisors. 

Proof. Easy. □ 
Lemma 3.4. The set hCS{V, XD) does not contain curves. 

Proof. Let C C LCS(y,XD) be a G-invariant curve. Then for any point P E C one 
has mvlipD > 1/X. Lemma 12.81 imphes that C has a non- vertical component. Then 
deg((/)|j^|(C)) ^ 3, since the hnear system B does not contain G-invariant surfaces. 
Let be a general surface in \H\. Put 



snc = [Pu...,Ps], 



where Pi, . . . ,Ps are distinct points. Then s ^ 3. Moreover, one has s > 3 if O G G. So it 
is easy to see that one may assume the following: 

. 0^{Pi,P2,P3}, 

• (f)iH\iPi),(p\H\iP2),(p\H\{P3) are distinct points. 
The surface 5* is a del Pezzo surface. One has 



D 



~(Q —2Ks 

s 



and —Kg = 1. The log pair (S*, ADis) is not log terminal at Pi, P2 and P3. Theorem 12.51 
implies that the sequence 

= H'(Os{ -Ks))^ H'{Ocis,xD\s)) — H'(l{S, XD\^) ^ Os{- Ks)) = 

is exact, since the scheme C{S, XD\s) is zero-dimensional by Lemma [3.3[ In particular, the 
support of the subscheme C{S, XD\s) contains at most two points, which is a contradiction. 

□ 

So LCS(y, XD) is zero-dimensional. Theorem 12.61 implies that LCS{V, XD) consists of a 
single point P E V. 

Lemma 3.5. P = O. 

Proof. Assume that P ^ O. Then the G-orbit of P is non-trivial, since so is the G-orbit of 
ip\H\{P), which is a contradiction. □ 

Let n: V —>■ V he a blow-up of the point O with an exceptional divisor E; let Z) be a 
strict transform of D on V. Then the log pair 



V, XD + {Xmu\to{D) - 2)e). 



is not log canonical in the neighborhood of E. On the other hand one has multo(-D) ^ 2, 
since otherwise Supp(Z)) would contain all fibers of the elliptic fibration ip\Tj*(^H)-E\- Hence 
the set 

LCS(V, XD + (XmultoiD) - 2)E^ 
contains some G-invariant subvariety Z C. E and is contained in ii^ = P^. 
Lemma 3.6. One has dim(Z) = 0. 
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Proof. Suppose that dim(Z) = 1. Let F be a general line in £" = P^. Then 

2 ^ multo(£') =L-D^ deg(Z)multz(£') > ^^^^ > deg(Z). 

A 

Hence Z containes a G-invariant line. But \H\ does not contain G-invariant surfaces, which 
gives a contradiction. □ 

So we see that the G-invariant set LCS{V, XD) consists of a finite number of points. By 
Theorem 12.71 the set LCS(F, XD) consists of a single point, since the divisor —{Ky + XD) is 
TT-ample. But G acts on E without fixed points, since \H\ contains no G-invariant pencils. 
The contradiction concludes the proof of Theorem 13. 2[ 

4. QUINTIC DEL PEZZO THREEFOLD 

Let V5 be a smooth Fano variety such that 

Fic{V,)=Z[H] 

and = 5. One has —Ky^ ~ 2H (see, for example, [lEj). Let W = be a vector 
space endowed with a non-degenerate quadratic form q. Then the variety V5 is isomorphic 
to the variety of triples of pairwise orthogonal (with respect to q) lines in W (see [IS]). In 
particular, there is a natural action of the group S03(C) (or SL2(C)) on the variety V5. 

Remark 4.1. One can show that Aut(V5) = PSL2(C). By Remark lLlll to prove Theorem 1 1.1 71 
it suffices to check that lct(V5, PSL2(C)) = 5/6. 

The variety V5 has a natural PSL2(C)-equivariant stratification: 

V^5 = f/ U A U G, 

where U is an open orbit which consists of triples of pairwise distinct lines, A is a two- 
dimensional orbit which consists of the triples (/i, h, I2), where q{li, h) = and q{li, I2) = 0, 
and G is a one- dimensional orbit which consists of the triples {I, I, I), where q{l, I) = 0. 

The linear system \H\ defines an embedding V5 C P^. Under this embedding the curve G 
is a rational normal curve of degree 6, and A is swept out by the lines that are tangent to G. 

Lemma 4.2. One has lct(V5, A) = 5/6. 

Proof. The surface A is smooth outside G and has a singularity along G that is locally 
isomorphic to T x A^, where T is a germ of a cuspidal curve. □ 

In particular, lct(\/5, PSL2(C)) ^ 5/6. 

Lemma 4.3. Let T> C \nH\ he a PSL2{C) -invariant linear system on V5, such that 
A ^ Bs(P). Then \ct{X,V) ^ 1/n. 

Proof. Suppose that \ct{X,V) < 1/n. Then there exists a PSL2(C) -invariant subvariety 
Z C. X, such that 

mult z{D) > n, 

where D is a. general divisor in T>. Since A ^ Bs('E'), the subvariety Z is the curve G. Let 
P be a general point of G, and L be the tangent line to G at P. Then L ^ Supp(D). By 
Lemma [2. Ill one has 

2n = D- muhp • ^) > 2n, 

which is a contradiction. □ 
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Lemmas [2101 K2\ and imply that lct(l^5, PSL2(C)) ^ 5/6, and hence 

lct(r5,PSL2(C)) = 5/6. 



5. The Mukai-Umemura threefold 



Let X be a smooth Fano threefold such that 



Pic{X)=Z[-Kx], 



the equality —Kx = 22 holds and Aut(X) = PSL(2,C). It is well known that the variety 
having such properties is unique (see [19], [2T]). 

Proposition 5.1. The equality lct(X) = 1/2 holds. 

Proof. Let U C C[x,|/] be a subspace of forms of degree 12. Consider U = C^^ as the 
afSne part of 



and let us identify F{U) with the hyperplane at infinity. 

The natural action of SL(2, C) on C[x, y] induces an action on F{U © C). Put 



and consider the closure SL(2, C) ■ [0 + 1] C P(f/ © C). It follows from p] that 

X = SL(2,C) ■ [0 + 1], 

and the embedding X C F{U © C) = P^^ is induced by \ - Kx\. 

It is well known (see p!6l Theorem 5.2.13]) that the action of SL(2,C) on X has the 
following orbits: 

• the three-dimensional orbit S3 = SL(2, C) ■ [0 + 1]; 

• the two-dimensional orbit S2 = SL(2, C) • [xy^"*^]; 

• the one-dimensional orbit Si = SL(2,C) ■ [y^"^]- 

The orbit S3 is open. The orbit Si = is closed. One has S2 = Si U S2, and 



Put i? = X n P(f/). It follows from [19j that 

• the surface R is swept out by lines on X C P^^, 

• the surface R contains all lines on X C P^'^, 

• for any lines Li G R D L2 such that Li 7^ L2, one has Li fl L2 = 0, 

• the surface R is singular along the orbit Si = P^, 

• the normalization of the surface R is isomorphic to P^ x P^, 

• for every point P G Si, the surface R is locally isomorphic to 





xnF{u) = SiUS2. 




which implies that lct(X, i?) = 5/6. 
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The structure of the surface R can be seen as follows. We see that 

S2 = I {ax + by) {cx + dyY^ ad - be = C F{U) , 

which implies that there is a birational morphism u: ¥^ x ^ R that is defined by 



z/ : [a : 6] X [c : (i] (ax + by) (cx + dy) 
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G R, 



which is a normalization of the surface R. 
Let V5 be a smooth Fano threefold such that 



2H 



and = 5, where is a Cartier divisor on V5. Then \H\ induces an embedding X C 
(see Section H]). 

Let L = be a line on X. Then 

A/i/x = Opi (-2)0^1 (1). 

Let : ?7l — > X be a blow up of the line L, and let El be the exceptional divisor of a^. 
Then it follows from Theorem 4.3.3 in [16] that there is a commutative diagram 



Ur 



PL 



ah 



X 



Wl 



where is a flop in the exceptional section of -E = F3, the morphism j3L contracts a surface 
Dl C Wl to a smooth rational curve of degree 5, and ipL is a double projection from the 
line L. 

Let Dl X he the proper transform of the surface Dl- Then 

mvliL{DL) =3 

and Dl Kx- It follows from pLQj that X\Dl = C^. 

It follows from [IT] that there is an open subset Dl C -D^ that is given by 



.2^2 



,3 ^3 



,5^2 



/ioa;'+ ^^/ii?/2; + /i22"ja;"+ [^fi^y' + fiAy^z^+fi^yz'* jx^+l^fiey'^z + firy-'z'' jx + fisy' + fJ^QV^z^ = 

in = Spec(C[x, y, z]), where the point LflSi G -Dl is given by the equations x = y = z = 0, 
and 

= -2^5^ /xi = 2^3^5, /i2 = -2^3^5, /ig = -2®3^7, /i4 = -2^3^127, 



/i5 = 2^3^ /i6 = 2^3^89, /i7 = -2«3^ /xg = -3''5^ /ig = 2°3'. 
Put Ol = Si n L. Then multoi(-DL) = 4, and it follows from [17, Proposition 8.14] that 

LCS (^X, ^Dl^ = Ol 

and \ct{X, Dl) = 1/2. Thus, we see that lct(X) ^ 1/2. 

Suppose that lct(X) < 1/2. Then there exists an effective Q-divisor 



-)2q6c 



-,806 



,5q7 



D 



~Q —Kx, 
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such that the log pair (X, XD) is not log canonical for some positive rational number A < 1/2. 
By Remark [2 .Qt we may assume that R (f. Supp(D), because lct(X, i?) = 5/6. 
Let C be a line in X such that C (f_ Supp(Z)). Then 

\ = D -C^ multoc (£')multoc (C) = multoc (^) , 

which implies that Oc ^ LCS(X, XD\ In particular, we see that Si ^ LCS(X, XD\ 
Let r be an irreducible curve in Supp(-D) such that Oc G F. Then 

multr [ -De + AD j = + Amultr(/^) ^ + ^^^^^0^ [p) < 1, 

because A < 1/2 and Sing(Z)c) = C, because Dc 7^ R. Thus, we see that 

F 2 LCS (^X, ^Dc + XD^ D LCS (x, XD^ U Oc, 

which is impossible by Theorem 12.61 because Oc ^ LCS(X, XD) and A < 1/2. □ 
Remark 5.2. It follows from [9j that 

lct(x, S03(M)) = 

which implies, in particular, that X has a Kahler-Einstein metric. This inequality can be 
obtained by arguing as in the proof of Theorem 11.171 (the only difference is that we do not 
need to use Lemma [2.111 here ) . 
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